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In this paper, the behavior of nanoparticles, manipulated by 
an atomic force microscope nanoprobe, is investigated. 
Manipulation by pushing, pulling or picking nanoparticles can 
result in rolling, sliding, sticking, or rotation behavior. The 
dynamic simulation of the nanoparticle manipulation, using  
atomic force microscope (AFM), is performed. According to 
the dynamics of the system, the AFM pushing force increases 
to the critical value required for nanoparticle motion. 
Nanoparticle positioning is designed based on when the 
nanoparticle is stopped by the AFM in order to move on the 
substrate. Simulation results for gold particles on a silicon 
substrate showed that sliding on the substrate is dominant in 
nanoscales.     
 
INTRODUCTION 
Nanoparticle manipulation using the AFM has been of 
widespread interest for the last few years [16], [20], [25]. 
Using AFM as a nanomanipulation tool enables us to locate 
nanoparticles in a desired position for micro/nano assembly 
[24], [29]. Controlled pushing of nanoparticles is also used for 
nanotribological characterization purposes [26], [28].    
Dynamic modeling of nanoparticles is being developed 
([10], [21], [22]), and is a major tool for understanding the 
manipulation procedure. The physics of nanoscale dynamics 
and governing equations are different from the macroscale’s, 
as adhesion forces and contact deformations should be 
considered [7].  
In this work, nanoscale forces are accounted to build a real 
time nanomanipulation simulation. Its novelty is that the 
nanoparticle can be traced at every moment. At the same time, 
all the dynamics and deformations can be achieved from 
numerical simulation that is accompanied  by a real time 
visual simulation of the manipulated nanoparticle. In contrast  1
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on substrates rather than rolling.       
As the outline of the paper, initially, nanoparticle 
manipulation is defined, and the AFM probe, AFM tip, nano-
particle, and substrate motion are modeled separately. Later, 
all the models are combined, and the dynamic analysis of the 
system is conducted. Finally, simulation results are 
demonstrated and discussed.  
 
PROBLEM DEFINITION 
The AFM contacts with a nano-particle and stops the particle 
from moving with the substrate (figure 1). After non-contact- 
mode scanning of the substrate and the targeted particles, the 
AFM approaches and makes contact with the target particle. 
Contact angle φ is designed to be constant and greater than 
zero for pushing purposes. To be certain of the desired 
contact, a small normal preload, Fz0 is exerted by providing 
normal deflection offset, zP0 on the AFM probe. In stage I 
(demonstrated by the dashed line), both the substrate and 
particle are stationary. Following stage I, the substrate starts to 
move with constant velocity and the particle sticks and moves 
with the substrate, indicating the beginning of stage II. In 
stage II, the AFM deflections due to particle motion, can be 
sensed and recorded using optical methods [4], [6], [17], [27]. 
Lateral motion of the particle assists the increase of the AFM 
lateral and pushing forces, FT. 
At the end of stage II, pushing force reaches the critical 
force required to separate particle from substrate. Therefore, 
the particle is stopped from moving  with  the  substrate and,  
depending  on  the   dynamic mode diagram of the particle, the 
suggested behavior will follow.  
All possible behaviors are analyzed in [31] by the authors.  
The designed parameters in this paper avoid undesirable   




however, is expected. Therefore there is no rolling expected, 
and sliding behavior is considered.  
After stage II, the substrate moves separately to stage III, 
while the nanoparticle slides on the substrate. This can be 
interpreted as the particle  moving with negative, but similar 
velocity in the opposite direction relative to the substrate. This 
method is used for high-precision positioning of nanoparticles 
[19], [32].  
 
METHODS 
A. Atomic Force Microscope (AFM) Model 
The AFM, which is commonly used as a 3D topography 
imaging device, is used as a manipulation tool for nanoparticle 
positioning; it consists of a conical tip connected to a 
cantilever probe at the end (figure 2).  
 
In the sticking phase, the AFM tip traces the moving particle 
which leads to probe motion. The AFM tip contacts with the 
nanoparticle and moves with the same velocity and direction, 
resulting in twisting and bending of the cantilever probe.  
In figure 3, the AFM probe is modeled as one torsional and 
two linear springs [1], [23]. Damping forces are not 
considered in this model since manipulation takes place at low 
speed and  constant velocity. Linear springs account for 



















Figure 1. AFM stops nano-particle from 
 moving with the substrate after stage II. 
















Figure 2. AFM probe & nanoforces 
 at the probe tip.  2
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the torsional spring. Stiffness coefficients of the springs are a 
function of AFM mechanical properties (E,G), and geometry 
(L,w,t,H) (eqs. 1-3). 
 
                                                            (1) Ewt
 
(2) 
                     




2 ==θ                                   (3)  
                                           
where L is the length, w is the width, and t is the thickness of 
the AFM probe, and H is the length of the AFM tip. E, and G 
are also the young’s modulus, and shear modulus of the AFM 
respectively.   
Since the width of the AFM probe (w) is much greater than 
its thickness (t) (w>>t), normal deflection and lateral twisting 
are more compliant than lateral deflection. Spring forces and 
moments are a linear product of the spring constants (Ky, Kz, 























Mass-spring lumped modeling of the AFM is a valid 
assumption for small deflections and reveals a realistic motion 
of the probe. Damping factors are negligible as the substrate is 
moved with slow velocity.   
Spring forces and moment (Fy, Fz, MӨ), shear force (V),   
normal and lateral tip forces (FZ, FY), and tip pushing force 
(FT) are depicted during lateral movement of the nano-particle 
in an AFM tip free-body diagram, below (figure 4). Forces are 
proportional to the angle of twist Ө (zP and Ө are dependent), 
and also the yP deflection of the AFM probe. 
  θϕδ sinsin)(. HRyy tPsubP −−+=
 
θδϕδ cos)(cos)(. HRRzz sPtPsubP +−+−+=              (7) 
 
Elastic deformation (δ) rates are assumed to be negligible. 








Figure 3. Lumped modeling and stiffness 
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Equations of motion (EOM) for the AFM in normal (z) and 
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Substituting spring forces in EOM, tip forces are calculated in 
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The above equations are a nonlinear set of 2nd order ordinary 
differential equations (ODE’s). It is impossible to analytically 
∑ = yy amF r
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Figure 4. Free-body-diagram of the AFM tip and 
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In the sticking phase, nanoparticles stick to the substrate and 
they move with the same velocity y˙sub.. However the friction 
force increases to its critical value when the slipping phase 
starts (figure 6). In the slipping phase, the dynamics of the 
AFM are independent of the substrate.  
solve this problem. The problem is numerically solved using 
the Runge-Kutta method (ODE45 in Matlab). 
To simplify the problem, assume Ө, yP, and their derivatives 
as four independent state variables. This is defined in 
equations 16 to 19. 
 (16) θ=1y
     
dt





dyyy P 34 == & (19) 
 
Four state-space algebraic equations of 21 to 24 in the form of 
























Initial conditions (I.C.’s) in equation 25 are applied to solve 
for dynamics of the AFM at every moment.  
 
 
                                                                                              (25) 
 
In the sticking phase, fs increases to its critical value. The 
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Downl 
slipping phase. Friction coefficients between the tip-particle 
and the particle-substrate vary, according to figure 6.  
In figure 5, the diagram of the sticking and slipping phases is 
summarized. In the sticking phase the particle kinematics y, z 
are known and the problem is solved to find the AFM 
dynamics and forces FT. When the AFM pushing force 
satisfies the slipping force condition F*, slipping loop begins. 
In the slipping phase, the AFM dynamics FT is known and the 
problem is solved to find the nanoparticle kinematics and 
position ypar.. The loop ends when the desired position of the 
nanoparticle is achieved.  
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 Figure 5. Phase algorithm shows how to 
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 Figure 6. Static and dynamic friction coefficien  ts 
 
B. Nanoparticle Model 
Nanoparticle dynamics and forces are considered and 
shown in figure 7, when the particle is pushed by AFM tip. 
Particle-Substrate friction force fs can be written in terms of 
AFM pushing force magnitude FT and angle ψ: 
 
ψsinTYs FFf ==                                                      (26) 
 
In order for a nanoparticle to start sliding  on  the  
substrate, the following criteria should be satisfied [8], [14], 
[18]: 
                                                                                           (27) 
ssss AFf τµ +> s 
where nanoparticle friction coefficient µs, and shear strength   
τs on substrate, are assumed to be constant, and equal to the 
ones on tip, respectively. The normal force and contact area 
are defined as both the pushing and the adhesion forces:  4
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Forces required to separate two surfaces are mainly 
proportional to the equivalent radius and adhesion energy 
between contacting surfaces. Using the Johnson-Kendall- 
Roberts (JKR) model ([2], [13], [15]), contact radius (a) and 
indentation depth (δ) are derived as: 
 
                                                                                          (30) (63[ '''
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where ω=2γ, and γ are the particle and tip/substrate interfacial 
adhesion and surface energy respectively. Assume Ŕ=Rp, F=Fs 
for particle deformation on substrate, and Ŕ=RpRt/(Rp+Rt), 
F=Ft for particle deformation on tip, where Rp is the particle 
radius, Rt is the tip radius, and K is the equivalent modulus of 
elasticity of the materials in contact. 
In nanoscale, these deformations are in the order of particle 
size and should be considered; these are less important in 
macro-scale because adhesion forces are of smaller magnitude 
than pushing forces [12]. 
 
SIMULATION AND DISCUSSION 
In this simulation, a Rp=50 nm gold particle is moved on the 
silicon oxide substrate. The AFM tip radius is Rt=20 nm. 
Surface energy between the nanoparticle and the tip/substrate 
is ω=0.2 J/m2. The constant friction coefficients for static and 
dynamic motion of the nanoparticle on the substrate are 
µs=0.8, and µd=0.7, respectively. Shear strength is assumed to 
be τs=28 N/m2, and constant on the both contact surfaces 
between the particle and the tip/substrate.  The AFM tip is 
composed of single crystal silicon. The geometric constants 
and mechanical properties of the AFM are summarized in 
tables 1 and 2. 
H (µm) L (µm) S=H/L w (µm) t (µm) 
12 225 0.0533 48 1 




E (GPa) ν  G (GPa) ρ  (kg/m3) 
169 0.27 66.54 2330 




















FT:AFM Tip Pushing Force
FY=fs:Part−Sub Friction Force
FZ=Fs:Part−Sub Normal Force
Table.2. The AFM mechanical properties.  
 
The AFM contacts with a target nanoparticle for the purpose 
of manipulation. To locate a target particle, the substrate and 
then the target nanoparticle should first be scanned and 
recognized. During scanning, the AFM runs in the tapping 
mode to avoid undesirable movements of the particle. For 
manipulation, the AFM mode is changed to the contact mode.  
Step procedures for controlled pushing of a particle can be 
summarized as follows [11]: 
1. An image is recorded in the vibrating cantilever 
intermittent contact mode. 
2. The tip is positioned behind the particle. 
3. The probe vibration is turned off. 
4. The particle is pushed to a selected location. 
5. The AFM is switched back into the vibrating 
cantilever mode, and the pushed particle image is 
held by scanning in the intermittent contact mode.       
To reduce the spinning factor, which leads to separation of the 
AFM tip and particle, central contact with no x-axis offset 
(x0=0) is required. In the pushing zone (φ>0), bigger contact 
angles decrease the critical sliding force on the substrate and 
are therefore encouraged. After the AFM approach and contact 
with the particle, any slipping between tip and particle should 
be restricted. This can be achieved only if the design 
parameters restrict any slipping on the tip, and slipping on 
substrate is more dominant. When the set up is ready for 
manipulation, the stage starts to move laterally in y-axis, with 
a constant velocity. Therefore, the substrate, particle, and the 
AFM move together, while the substrate and the particle are 
stuck together. During the sticking phase, the lateral force (FY) 
on the AFM tip increases due to lateral deflection and twisting 
of the probe. Changes in normal force (FZ) due to probe 
twisting, are very small since the tip-particle contact point 
does not change. Therefore the pushing force magnitude (FT), 
and angle (ψ) increases over time depending on the increase in 
the lateral force. 
 
Figure 8. Force variations in AFM and nanoparticle; normal, lateral, 
and pushing force. 
NFT µ63.049.0: →
NFF sZ µ4872.04892.0: →=
NfF sY µ4.00: →= 5
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Substrate & Particle Motions
Substrate Position
Particle Position
Particle to Substrate Reletive Position
On the other hand, the changes in the AFM configuration 
and pushing force could be traced and compared with the 
critical friction forces at the contact points. According to the 
mode diagrams, it can be determined when slipping/rolling 
starts; based on that, the pushing procedure can be designed. 
For example, if the particle starts to slip on the substrate after 
0.2 seconds (which means the pushing force has reached the 
critical slipping force on the substrate), the AFM tip will 





Figure 9. AFM pushing force meets nanoparticle critical sliding 
force and then stays constant during dynamic motion of the 
nanoparticle. 
   
Based on the slipping period, a new position of the 
nanoparticle can be calculated, which can be used as a basic 
tool for accurate manipulation.  
Assume that the substrate velocity is 100 nm/s; after 0.2 
seconds, the 50 nm particle begins to slip on the substrate. To 
move the nanoparticle 21 nm in the y-axis negative direction, 
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Figure 10. Nanoparticle positioning; substrate position, particle 
position, and particle to substrate position after 0.4 Sec.   Copyright © 2004 by ASME 
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DownBased on the substrate velocity and the friction 
characteristics of the materials, the manipulation procedure 
can be designed. The following graph shows how the change 




































Effects of Friction on Sliding Behavior
 Figure 11. Effects of  friction coefficient  on the  sliding behavior.  
 
Other parameters such as surface adhesion, particle 
diameter, contact force and angles, are important factors in a 
precise manipulation scheme. The following mode diagram 
demonstrates the critical sliding force required to overcome 
sticking [31]. 
To check the new location of the nano-particle, a non-
contact mode AFM is used to scan the position of the particle.  
 
 
Figure 12. Mode diagram depicts required critical force to overcome 
sticking when the particle is pushed by the AFM.  
 
The assumption of a rigid particle is no more valid when soft 
materials with high pseudo-elastic properties are examined. To 
consider elastic deformation at the points of contact, the JKR 
model is used. When two spheres, or one sphere with a flat 
surface come into contact, elastic deformation causes a 









SLIDING ON SUBSTRATE STICKING  6




























deformation, the center of the contacting spheres comes 
closer, according to the indentation depths.  
In nanoscale, this change is in the order of sphere radius and 






Figure 13. Indentation depth of the particle on the tip/substrate alters 
during pushing phase.  
 
In figure 13, it is shown that as pushing force increases, the 
contact area and the indentation depth between the tip and the 
particle both increase. At the same time, the contact area and 
the indentation depth between particle and substrate are both 
decreasing. Since it is anticipated that slipping and separation 
on the substrate occur first, while the AFM maintains its 
pushing contact, this is in good agreement with simulation 
results. 
Rolling behavior should be considered when the size of the 
particle is more than 1 µm [3], [9], [30]. In smaller particles, 
sliding behavior is more dominant. According to the results of 
the numerical solution, nanoparticle pushing simulation is 
developed (figure 14). The nanoparticle motion can be 
visually traced in a real time. The advantage of  this 
simulation is that the dynamic behavior of the nanoparticle is 
observed before setting up the real experiment. It also 
provides a better understanding of the nanoscale world.     
 
NANOPARTICLE 
Figure 14. Nano-particle pushing simulation when 
substrate is moving with a constant velocity
A sphere representing the nanoparticle 
deformation due to the increasing lateral 
pushing force  
 SUBSTRATE 
AFM 





In this paper, nanoparticle positioning, using the AFM as a 
nanoprobe manipulator, is modeled and dynamic behavior of 
the particle is defined. After scanning the substrate to achieve 
a detailed map of the particles on the substrate, the AFM tip is 
brought into contact with the particles as a manipulation tool. 
Then the substrate begins to move laterally, which helps the 
lateral force on the AFM tip to increase and reach the critical 
force required for particle movement. Depending on the 
parameters of the simulation and the tribological 
characteristics of the materials, various behaviors of the 
particle can be predicted. If the simulation continues to run for 
a known period, a new map of the particle can be drawn which 
locates the new particle position. By controlling the substrate 
velocity and mapping the location of particles at every 
moment, positioning of nano-particles can be achieved. 
Designing simulation values not only achieves the desired 
dynamics to better understand real-time simulation, they are 
also very effective tools for establishing valid experiments. 
Based on the simulation results, sliding occurs first and is 
more likely to occur for smaller particles rather than rolling. 
However, sliding and rolling can be observed simultaneously 
if the applied force increases above both critical limits. In a 
pushing zone, particle sliding on the substrate occurs earlier 
than sliding on the tip. Less force is required in order to 
manipulate smaller particles but to overcome the critical 
forces, a minimum manipulation force is required.  
The future work is to use these methods as basic tools for 
nanoparticle manipulation control. These models will be 
validated experimentally. Additionally, a feedback control 
system is being developed to automatically position and 
characterize nanoparticles.   
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